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A Politico-economic Analysis on Social Security in an Endogenous
Growth Economy
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Abstract
We consider an overlapping generations economy where the government implements pay-
as-you-go social security. The size of policies is determined through political process. It
is shown that there exists a Markov perfect politico-economic equilibrium where the size of
policies is represented as linear functions of physical capital, and we investigate the eﬀects of
population aging on the pattern of economic growth and on the welfare of each generation.
??????
???????????????????????????????????????????
???????? (???) ???????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????Cooley and Soares (1999) ? Boldrin and Rustichini (2000) ???????????
????????????????????????????????????????????
?????????????????????????Grossman and Helpman (1998)?Forni
(2005), Gonzalez-Eiras and Niepelt (2008) ?Markov??????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????
????
????? ? ?? ? ? ??? ?
?
???????????????Ono (2017) ???????????????????????
???????Markov?????????????????????????????????
?????Markov???????????????????????????????????
???? Ono (2017) ??????????????????????????????????
????????????????????????????????????????????
??????????????
????? 2?????????????????????????????????????
???????????????????????????????????? Romer (1986) ?
????????????????????????????????????????????
??????????? (???) ?????????????????????????????
????????????????????????????????????????????
????????????????????????????????????Markov????
??????Markov???????????? pay-oﬀ relevant????? (????? 1???
???) ????????????????????????????????????????
???????????? 1??????????????????????????Markov?
????????????????Markov????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
?????????????????????????
?????????????????? 2????????????????????????
?????? 3????????????????????????????????? 4???
????????????????????????????????? 5??????????
??????????????????????????????
??????
2?? (???????) ???????????????????????? 0???????
???????t ≥ 0????????? t?????????0????????????−1?
????????????????????????????? n > −1???????
Nt = (1 + n)Nt−1
????????????????????????
?
????Nt ? t???????????????
t ≥ 0???????????????????????????????????????
ut(cyt , c
o
t+1) = log c
y
t + β log c
o
t+1, β ∈ (0, 1) (1)
????cyt ? c
o
t+1????????????????????β???????????????
???????????????????????t ≥ 0??????????????????
??? 1????????????????????????????????????????
????????????????????????????????????????????
????
cyt + st = wt − τt (2)
cot+1 = Rt+1st + bt+1 (3)
????st ????Rt+1 ??????wt ????τt ?????bt+1 ????????????
Rt+1?wt?τt?bt+1 ?????????????????? c
y
t?c
o
t+1?st ??????????
????????????????
cyt =
1
1 + β
(
wt − τt + bt+1
Rt+1
)
(4)
cot+1 = βRt+1c
y
t (5)
st =
1
1 + β
[
β(wt − τt)− bt+1
Rt+1
]
(6)
−1?????????????????????????????????????
u−1(co0) = log c
o
0 (7)
−1?????????????????????????
co0 = R0s−1 + b0 (8)
??????????????????????????????? Romer (1986) ?????
??????
Yt = AK
α
t L
1−α
t k¯
1−α
t , A > 0, α ∈ (0, 1) (9)
????Yt?????Kt? Lt?????????????????k¯t???? 1???????
??????????????????????????????? 1????????????
??? Rt?wt?k¯t ??????????????????Kt ? Lt ?????????????
???????????
Rt =
∂Yt
∂Kt
= αAkα−1t k¯
1−α
t
????? ? ?? ? ? ??? ?
?
wt =
∂Yt
∂Lt
= (1− α)Akαt k¯1−αt
????kt ≡ Kt/Lt ???? 1?????????????? kt = k¯t ???????????
???????????????
Rt = αAk
α−1
t k
1−α
t = αA (10)
wt = (1− α)Akαt k1−αt = (1− α)Akt (11)
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
?????????????????
Ntτt = Nt−1bt ⇔ bt = (1 + n)τt (12)
????????????????????????????????????????????
???????????????????????????????????????????
Kt+1 = Ntst ⇔ kt = 1
1 + n
st (13)
Nt = Lt (14)
?? 1 ????K0 ??????????????????????? co0?{cyt , cot+1}∞t=0???
{st}∞t=0???????? {Kt, Lt}∞t=1??????? {Rt, wt}∞t=0??? {τt, bt}∞t=0 ??????
1. Rt?wt?τt?bt+1 ???????c
y
t?c
o
t+1?st ? t ≥ 0?????????????????
??R0?b0 ???????co0 ? −1????????????????
2. Rt?wt?k¯t ???????Kt ? Lt ? t ≥ 0?????????????????????
3. ??? t ≥ 0???????????????????
4. ??? t ≥ 0????????????????
????????
???????????????????????????????????????????
?????????????????????Lindbeck and Weibull (1987) ?????????
?????????????? (?????????) ??????? (????) ???????
????????????????????????
?
????????????
????????????????????????(4)?(10)?(11)?(12)?(13)??????
?????????????????????????????????
cyt =
1
1 + β
(
wt − τt + bt+1
Rt+1
)
=
1
1 + β
[
(1− α)Akt − τt + 1 + n
αA
τt+1
]
≡ cy(τt, τt+1, kt)
(15)
cot = Rtst−1 + bt
= αA(1 + n)kt + (1 + n)τt
= (1 + n)(αAkt + τt)
≡ co(τt, kt)
(16)
?????? τt?????????????????????????????????? cy ? τt
????????? (∂cy/∂τt < 0)?????????? τt+1????????????????
?????cy ? τt+1????????? (∂cy/∂τt+1 > 0)?????????? τt???????
???????????????????????? co ? τt ????????? (∂co/∂τt > 0)?
(5)?(10)?(15)?????????????????????
V y(τt, τt+1, kt) = log c
y
t + β log βRt+1c
y
t
= β logαβA+ (1 + β) log cyt
= Cy + (1 + β) log cy(τt, τt+1, kt)
(17)
????Cy ??????????(16)?????????????????????
V o(τt, kt) = log c
o
t
= log co(τt, kt)
(18)
(17)? (18)????????????????????
Ω(τt, τt+1, kt) = ωV
o(τt, kt) + (1− ω)(1 + n)V y(τt, τt+1, kt)
= C + ω log co(τt, kt) + (1− ω)(1 + n)(1 + β) log cy(τt, τt+1, kt)
(19)
????ω??????????????C ???????
??????????????Markov??????????Markov???????????
payoﬀ-relevant???????????????????????????? 1?????? kt
???? payoﬀ-relevant???????????Markov?????????????????
????? ? ?? ? ? ??? ?
?
τt = T (kt), bt = B(kt) (20)
??????????????????? τt+1 = T (kt+1)???????(6)?(10)?(11)?(13)
??????????????????????????
kt+1 =
1
1 + n
1
1 + β
{
β[(1− α)Akt − τt]− 1 + n
αA
T (kt+1)
}
(21)
(21)?????? 1?????? kt+1??????? τt???? 1?????? kt??? k′(τt, kt)
???????????? 1????????????????????(21)? τt? τt? kt+1?
?????????????????
∂k′
∂τt
(τt, kt) = − β
(1 + n)
[
1 + β + 1αA
dT
dkt+1
(kt+1)
] < 0 (22)
?????kt+1 ? τt ??????????
?? 2 Markov???????????????????? {T,B}????
1. T ???????????????
T (k) = arg max
τ
Ω(τ, τ ′, k)
subject to τ ′ = T (k′)
k′ = k′(τ, k)
2. ??????????B ????????????
B(k) = (1 + n)T (k)
??? T ? k??????????????????? 1?????????????
ω
co
∂co
∂τ
=
(1− ω)(1 + n)(1 + β)
cy
(
∂cy
∂τ
+
∂cy
∂τ ′
dT
dk′
∂k′
∂τ
)
(23)
1??? (23)?????????? τ ??????????????????????????
???????????????????????????????????????????1
??? (23)?????????? τ ????????????????????????????
??????????????????????????????????????
????????? 1???????????????????????Markov??????
????????????? T (k) = δk??????????δ > 0?????????????
????? τ ′ = δk′ ? (21)???????
k′ =
1
1 + n
1
1 + β
{
β[(1− α)Ak − τ ]− 1 + n
αA
δk′
}
⇔ k′ = β
(1 + n)
(
1 + β + δαA
) [(1− α)Ak − τ ] (24)
????????????????????????
?
????????
(1− α)Ak − τ + 1 + n
αA
τ ′ =
(1 + β)
(
1 + δαA
)
1 + β + δαA
[(1− α)Ak − τ ]
??????????????????????????????
Ω = ωV o(τ, k) + (1− ω)(1 + n)V y(τ, τ ′, k)
= C¯ + ω log(αAk + τ) + (1− ω)(1 + n)(1 + β) log
[
(1− α)Ak − τ + 1 + n
αA
τ ′
]
= Cˆ + ω log(αAk + τ) + (1− ω)(1 + n)(1 + β) log[(1− α)Ak − τ ]
(25)
????C¯ ? Cˆ ????????????????? 1??????????????
ω
αAk + τ
=
(1− ω)(1 + n)(1 + β)
(1− α)Ak − τ (26)
1??????? τ ???????????????????? τ ??????????????
????? 1???? τ ????????
τ =
ω(1− α)− (1− ω)(1 + n)(1 + β)α
ω + (1− ω)(1 + n)(1 + β) Ak ≡ T (k) (27)
????????
δ =
ω(1− α)− (1− ω)(1 + n)(1 + β)α
ω + (1− ω)(1 + n)(1 + β) A
????????????????????????????????????????????
????
b = B(k) = (1 + n)T (k) =
(1 + n)[ω(1− α)− (1− ω)(1 + n)(1 + β)α]
ω + (1− ω)(1 + n)(1 + β) Ak (28)
???
(1− α)Ak − T (k) = (1− ω)(1 + n)(1 + β)
ω + (1− ω)(1 + n)(1 + β)Ak
1 + β +
δ
αA
=
1
α
ω(1 + αβ) + αβ(1− ω)(1 + n)(1 + β)
ω + (1− ω)(1 + n)(1 + β)
????????????(24)?????????????????????
k′ =
β
(1 + n)
(
1 + β + δαA
) [(1− α)Ak − T (k)]
=
αβ(1− ω)(1 + β)
ω(1 + αβ) + αβ(1− ω)(1 + n)(1 + β)Ak
(29)
????
cy =
1
1 + β
[
(1− α)Ak − T (k) + 1
αA
B(k′)
]
=
ω(1− ω)(1 + n)(1 + β)
ω + (1− ω)(1 + n)(1 + β)
1
ω(1 + αβ) + αβ(1− ω)(1 + n)(1 + β)Ak > 0
(30)
????? ? ?? ? ? ??? ?
?
co = (1 + n)[αAk + T (k)]
=
ω(1 + n)
ω + (1− ω)(1 + n)(1 + β)Ak > 0
(31)
??????????? (27)??????? (28)?Markov??????????
?? 1 ???? T ? B ????? (27)? (28)????????Markov??????????
?? 1???????????????????????????
ω(1− α) > (1− ω)(1 + n)(1 + β)α
⇔ n < ω(1− α)
α(1− ω)(1 + β) − 1
(A.1)
???????? T (k) > 0, B(k) > 0?????????????????????? (???
????) ????????????????? (A.1)?????????? T (k) < 0, B(k) < 0
?????????????????????????????????????? n?????
????????????????????????????????? (A.1)?????????
??????????????????
?????? T ?????? n???????????
∂T
∂n
= − ω(1− ω)(1 + β)
[ω + (1− ω)(1 + n)(1 + β)]2Ak < 0 (32)
??????T ? n??????????????????? B = (1+ n)T ?????? n??
?????????
∂B
∂n
=
∂
∂n
(1 + n)× T︸ ︷︷ ︸
(T.1)
+
∂T
∂n
× (1 + n)︸ ︷︷ ︸
(T.2)
=
ω2(1− α)− α(1− ω)(1 + n)(1 + β)[2ω + (1− ω)(1 + n)(1 + β)]
[ω + (1− ω)(1 + n)(1 + β)]2
(33)
???????????
ω2(1− α) > α(1− ω)(1 + n)(1 + β)[2ω + (1− ω)(1 + n)(1 + β)]
⇔ n < ω
(1− ω)(1 + β)
(
α−
1
2 − 1
)
− 1
(A.2)
??????????????B????????????????????????? (A.2)?
?????????B? n???????????????????????? (1+ n)????
?????? ((33)? (T.1)???)???? T ?????? ((33)? (T.2)???)??? (A.2)
?????????? 1?????? 2???????????? B ? n???????????
?? (A.2)??????????? 2?????? 1???????????? B ? n????
??????
????????????????????????
?
??? T ????????????? ω ????????
∂T
∂ω
=
(1 + n)(1 + β)
[ω + (1− ω)(1 + n)(1 + β)]2Ak > 0 (34)
??????T ? ω??????????????????? B = (1 + n)T ?????????
???? ω ????????
∂B
∂ω
= (1 + n)
∂T
∂ω
> 0 (35)
??????B ? ω ??????????
?? 1 ?? 1??????????????????
•?? (A.1)????????????????????????????????? (A.1)??
???????????????????????????????
•??? T ?????? n??????????????? (A.2)??????????????
?? B ?????? n????????????? (A.2)??????????? B ? n??
????????
•??? T ??????? B ???????????????? ω ??????????
??????
?? 1????Markov????????????????(29)??????????????
??????
kt+1 =
αβ(1− ω)(1 + β)A
ω(1 + αβ) + αβ(1− ω)(1 + n)(1 + β)kt (36)
??????1?????????????????????
γ ≡ kt+1
kt
=
αβ(1− ω)(1 + β)A
ω(1 + αβ) + αβ(1− ω)(1 + n)(1 + β) (37)
??????? 1??????? 1??????? yt = Akt ???????????γ ????
?????????
????????????????????????? γ ?????? n??????????
????????? (∂γ/∂n < 0)????????? γ ????????????? ω ????
????∂γ/∂ω < 0??????γ ? ω ?????????????????????????
???????????Markov???????????????????????????
kt+1 =
1
1 + n︸ ︷︷ ︸
(K.1)
1
1 + β
⎧⎪⎨
⎪⎩β[(1− α)Akt − T (kt)︸ ︷︷ ︸
(K.2)
]− 1
αA
B(kt+1)︸ ︷︷ ︸
(K.3)
⎫⎪⎬
⎪⎭ (38)
????? ? ?? ? ? ??? ?
??
???????????????????????? 1???????????? ((38)? (K.1)
???)?????Markov????????????????????????????????
1?????????????? ((38)? (K.2)???) ??????????????????
1?????????????? ((38)? (K.3)???) ??????????????????
?????????????? 1?????????????????????????????
??????????????????? ((38)? (K.2)???)???????????????
??? ((38)? (K.3)???)???? 1?????????????
?? 2 ????? γ ?????? n????????????? ω?????????????
??????
??????????????? 1????Markov???????????????????
?????−1???????????????????
co0 = (1 + n)[αAk0 + T (k0)]
=
ω(1 + n)
ω + (1− ω)(1 + n)(1 + β)Ak0
(39)
−1???????? co0 ?????? n?????????????????????−1???
??????????
???t ≥ 0????????????? (36)???1??????????????????
kt = γ
tk0 (40)
???(30)???0?????????
cy0 =
ω(1− ω)(1 + n)(1 + β)
ω + (1− ω)(1 + n)(1 + β)
1
ω(1 + αβ) + αβ(1− ω)(1 + n)(1 + β)Ak0 (41)
????
cyt
cy0
=
kt
k0
= γt
????????t ≥ 0????????????????????
cyt = γ
tcy0 (42)
0???????? cy0 ?????? n????????
∂cy0
∂n
=
ω(1− ω)(1 + β)[ω2(1 + αβ)− αβ(1− ω)2(1 + n)2(1 + β)2]
[ω + (1− ω)(1 + n)(1 + β)]2[ω(1 + αβ) + αβ(1− ω)(1 + n)(1 + β)]2
?????????????
????????????????????????
??
ω2(1 + αβ) > αβ(1− ω)2(1 + n)2(1 + β)2
⇔ n < ω
(1− ω)(1 + β)
(
1 + αβ
αβ
) 1
2
− 1
(A.3)
???????? 0???????? cy0 ?????? n??????????
t ≥ 0????????????????
V yt = β logαβA+ (1 + β) log c
y
t
= β logαβA+ (1 + β) log γtcy0
= β logαβA+ (1 + β) log cy0 + t(1 + β) log γ
(43)
t????? V yt ?????? n????????
∂V yt
∂n
=
1 + β
cy0
∂cy0
∂n︸ ︷︷ ︸
(V.1)
+
t(1 + β)
γ
∂γ
∂n︸ ︷︷ ︸
(V.2)
(44)
????????? n?????0???????? cy0 ???????? ((44)? (V.1)???)
?????? γ ???????? ((44)? (V.2)???) ??????????
∂
∂t
[
t(1 + β)
γ
∂γ
∂n
]
=
1 + β
γ
∂γ
∂n
> 0
????????????????????????????????????????????
? (A.3)????????????????????????????????? 0??????
??????????????? t¯ ≥ 0???????????????? t ≤ t¯???????
?????t > t¯?????????????????? (A.3)???????????????
????????????????????????????????????????????
????????????????????????????????????????????
??????????????? (A.3)??????????????????????????
????????? 0????????????????t ≥ 0?????????????
?? 3 ?? 1????Markov????????????????????????
•?? (A.3)????????????? t¯ ≥ 0???????????????? t ≥ t¯???
?????????t < t¯???????????
•?? (A.3)?????????????????????−1?????????????t ≥ 0
????????????
????
????? 2?????????????????????????????????????
????? ? ?? ? ? ??? ?
??
????????????????????????????????????????????
??????Markov?????????????????????? 1???????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
??????????????????????????????????????????
???????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????????????????
????????????????????????????????
????
? 1? Boldrin, M., Rustichini, A., 2000. Political equilibria with social security. Review of Economic
Dynamics 3, 41-78.
? 2? Cooley, T., Soares, J., 1999. A positive theory of social security based on reputation. Journal
of Political Economy 107, 135-160.
? 3? Forni, L., 2005. Social security as Markov equilibrium in OLG models. Review of Economic
Dynamics 8, 178-194.
? 4? Gonzalez-Eiras, M., Niepelt, D., 2008. The future of social security. Journal of Monetary
Economics 55, 197-218.
? 5? Grossman, G., Helpman, E., 1998. Intergenerational redistribution with short-lived govern-
ments. Economic Journal 108, 1299-1329.
? 6? Lindbeck, A. J., Weibull, W., 1987. Balanced-budget redistribution as a the outcome of
political competition. Public Choice 52, 273-297.
? 7? Ono, T., 2017, Aging, pensions, and growth. Finanz Archiv/Public Finance Analysis,
forthcoming.
? 8? Romer-Paul, M., 1986. Increasing returns and long-run growth. Journal of Political Economy
94, 1002-1037.
